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The dynamical role of initial correlation in the exactly solvable dephasing model
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Department of Physics, Xinyang Normal University, Xinyang, Henan 464000, China
We investigate the effects of the initial correlation on the dynamics of open system in the ex-
actly solvable pure dephasing model. We show that the role of the initial correlation come into
play through a phase function and a weight factor, which would perform oscillations during time
evolution, and find that the decoherence of a qubit coupled to a boson bath is more enhanced with
respect to a spin bath in the short time. We also demonstrate that the trace distance between two
states of a qubit can increase above its initial value, and that the initial correlation can provide
another resource for the damply oscillation and revival of the entanglement of two qubits. We fi-
nally investigate the dependence of the crossover of decoherence from the dynamical enhancement
to suppression under the bang-bang pulse control on the initial correlation and the statistics of the
bath constituents.
PACS numbers:
I. INTRODUCTION
The conventional method of studying open quantum
system is the quantum master equation in the Lindblad
form, which relies on two assumptions [1]. The first is
that the coupling of the system-bath interaction is weak,
i.e. Born-approximation, and the other is that the re-
laxation time of bath is much shorter than the response
time of system, i.e. Markov-approximation. Then the
second order perturbation is applied and the memory ef-
fect of the bath can be neglected for simplification. If we
ignore these assumptions, as for the rigorous treatment
of a quantum Brownian particle interacting with a heat
bath [2], a generalized exact master equation or Hu-Paz-
Zhang equation is derived, which does not have Lindblad
form. For general open systems, it is usually impossible
to solve such exact master equations analytically.
Besides these two assumptions, there is another under-
lying assumption in deriving most of master equations in
literature [1, 2], namely the open system is completely
isolated from bath initially. This uncorrelated initial con-
dition is much useful when the system-bath coupling is
sufficiently weak and when we are only interested in the
long time behavior of system. In such cases, the evolu-
tion of the system can be simply described by the com-
pletely positive map [3] acting only on the system state,
which leads to many profound results, e.g. the trace dis-
tance between two states of the open system can not
increase above its initial value [4–6]. Although the un-
correlated initial condition is widely used, it is mainly
based on mathematical idealization or simplicity rather
than physical considerations, and thus not always well
justified when the system-bath coupling is strong and
when we study the transient behavior of system at short
times [3, 7].
Thus the effects of initial correlations on the dynamics
of open systems have been intensively discussed recently
∗Electronic address: gaoyangchang@gmail.com
[4–6]. It is argued in that the initial correlation can be
witnessed by the increase of the trace distance of two
system states over its initial value. Some other witnesses
for initial correlations have been proposed in [8], such as
purity, quantum discord, entanglement, etc. Moreover, it
has been discussed that the initial condition can signifi-
cantly influence the time development of system based on
some solvable models [9]. In the pure dephasing model
with the boson bath and the correlated initial condition,
the decoherence function can have some sharp peaks in
comparison with the uncorrelated initial condition [7, 10].
In this paper we address the influence of the initial
correlation on the dynamics of the open system in the
exactly solvable pure dephasing model. We show that
the role of the initial correlation comes into play through
a phase function and a weight factor, which take into
account the memory effect of bath and might give rise
to coherence oscillation during the time evolution. In
particular, for the short time, the decoherence of a qubit
coupled to a boson bath is more enhanced with respect to
a spin bath. We also demonstrate that the trace distance
between two states of a qubit can increase above its ini-
tial value, and that the entanglement of two qubits, each
locally interacting with an independent bath, can damply
oscillate and revive to a large amount being comparable
to the uncorrelated initial condition [11]. Moreover, it is
known that the decoherence can be effectively inhibited
with the bang-bang control pulses [12] and depends on
the statistics of the bath constituents [13] without consid-
ering initial correlations. So we finally extent them and
investigate how the initial correlations affect the decoher-
ence and its crossover from the dynamical enhancement
to suppression under the pulse control.
The organization of this paper is as follows. In Sec. II
we review the main features of two pure dephasing mod-
els with boson and spin baths respectively. The dynamics
without initial correlations are analyzed in Sec. III, in-
cluding the bang-bang control pulses. We then study the
influence of the initial correlation on the dynamics of the
qubit in Sec. IV. The numerical results are given in Sec.
V. Our conclusion is given in Sec.VI.
2II. MODELS FOR PURE DEPHASING
The Hamiltonian describing a two-state system (S),
i.e. qubit coupled to a bath (B) for pure qubit-dephasing
in the boson-bath model can be written as [9, 12, 14]
H = HS +HB +Hint
= ω0Sz +
∑
k
ωka
†
kak + Sz
∑
k
gk(a
†
k + ak), (1)
where ω0 is the excited energy of the qubit, and Sz is the
spin matrix of z component with basis 2Sz|±〉 = ±|±〉.
The annihilation and creation operators ak and a
†
k are
the bath mode with frequency ωk. The coupling strength
between the qubit and the kth bath mode is denoted by
gk. Suppose the initial state of the system at t = 0 is
given by a density matrix ρ(0), then the state at time t
is
ρ(t) = e−iHtρ(0)eiHt. (2)
The reduced density matrix of the qubit is the partial
trace taken over the bath modes of the total density ma-
trix, ρS = TrBρ.
It would be convenient to work in the interaction pic-
ture, where the new state and time evolution are given
by
̺(t) = ei(HS+HB)tρ(t)e−i(HS+HB)t,
U(t, t0) = T exp[−i
∫ t
t0
dsH(s)],
H(t) = Sz
∑
k
gk(e
iωkta†k + e
−iωktak). (3)
Here the notation T represents the time-ordered product.
The evolution of the new density matrix can be written
as
̺(t) = U(t, t0)̺(t0)U†(t, t0). (4)
In order to further simplify U(t, t0), we use the general-
ized Baker-Hausdorf formula [10],
T exp
[
i
∫ t
t0
dsA(s)
]
= exp
[
i
∫ t
t0
dsA(s)
]
× exp
{
−1
2
∫ t
t0
ds1
∫ s1
t0
ds2[A(s1), A(s2)]
}
, (5)
which is satisfied if the commutator [A(s1), A(s2)] is a
c−number. For the interaction Hamiltonian H(s) we
have
[H(t),H(t′)] = − i
2
∑
k
g2k sinωk(t− t′). (6)
With Eqs. (5) and (6), the evolution operator U(t, t0)
can be simplified as
U(t, t0) = U+(t, t0)|+〉〈+|+ U−(t, t0)|−〉〈−|, (7)
where the unitary operators U± are
U± = exp
{
− if(t− t0)± 1
2
∑
k
[
ξk(t− t0)eiωkt0a†k
−ξ∗k(t− t0)e−iωkt0ak
]}
. (8)
The functions f(t) and ξk(t) are determined by the cou-
pling to the bath,
f(t) =
∑
k
g2k
4ω2k
(ωkt− sinωkt),
ξk(t) =
gk
ωk
(1− eiωt). (9)
Similarly, the Hamiltonian for a qubit coupled to a
spin-bath is given by [13]
H = HS +HB +Hint
= ω0Sz +
∑
k
ωk
σzk
2
+ Sz
∑
k
gk(σ
+
k + σ
−
k ), (10)
where the coupling strength gk is identical to that of Eq.
(1), and ωk denotes the excited energy of the kth bath
spin ~σk. It is worth to point out that we have introduced
an extra factor of 1/2 in HB that is different from the
corresponding Hamiltonian in [13] to make the excited
energy same as the photon bath, which leads to the same
evolutions for qubit in the two baths with zero tempera-
ture at weak coupling regime and t→ 0 as shown below.
This spin-bath model can be solved by expressing the
Hamiltonian H as
H = H+|+〉〈+|+H−|−〉〈−|,
H± = ±ω0
2
+
1
2
∑
k
(ωkσ
z
k ± gkσxk ). (11)
The unitary evolution operator U(t) = e−iHt is given by
U(t) = U+|+〉〈+|+ U−|−〉〈−|,
U± = e
∓iω0t/2
∏
k
U±k , (12)
where the unitary U±k is
U±k = cos
Ωkt
2
− i
(
ωk
Ωk
σzk ±
gk
Ωk
σxk
)
sin
Ωkt
2
,
Ωk =
√
ω2k + g
2
k. (13)
It can seen from Eqs. (7) and (12) that the popula-
tions of the |±〉 states, ρ++S (t) and ρ−−S (t) do not change
with time, namely the pure dephasing model can not de-
3scribe the relaxation process of the qubit to equilibrium.
However, the exact solutions of these simple models with
initial correlations still capture the essential features of
decoherence in the more complicated dissipative models.
III. DEPHASING WITHOUT INITIAL
CORRELATIONS
The uncorrelated initial condition means that the ini-
tial state of the total system is a direct product of the
qubit state and the bath state,
ρ(0) = ρS(0)⊗ ρB
ρS(t) = TrB[UρS(0)⊗ ρBU †]. (14)
Note the map from ρS(0) to ρS(t) is completely posi-
tive under the uncorrelated initial condition. Usually,
the initial bath is assumed to be in the thermal equilib-
rium at temperature T = 1/β, ρB = e
−βHB/ZB with
the normalization ZB = TrB [e
−βHB ]. Because the evo-
lution is governed by the unitary operator of the form
U+|+〉〈+| + U−|−〉〈−|, the coherence of the qubit ρ+−S
evolves in time as
ρ+−S (t) = e
−iω0te−Γa(t)ρ+−S (0),
Γa(t) = − ln
(
TrB[U+ρBU
†
−]
)
= − ln
(
TrB[ρBU
†
−U+]
)
, (15)
where Γa(t) denotes the decoherence function for the
boson-bath model. Using Eq. (8) and the identity
TrB[ρB exp
(∑
k
ηka
†
k − η∗kak
)
]
= exp
(
−
∑
k
|ηk|2
2
coth
βωk
2
)
, (16)
we obtain
U †−U+ = exp
{∑
k
[
ξk(t)a
†
k − ξ∗k(t)ak
]}
,
Γa(t) =
∑
k
g2k coth
βωk
2
1− cosωkt
ω2k
. (17)
For the spin-bath model under the uncorrelated initial
condition, we use Eqs. (12), (13), and (14) to get
ρ+−S (t) = e
−iω0te−Γσ(t)ρ+−S (0),
Γσ(t) = − ln
{
TrB[ρB
∏
k
(U−k )
†U+k ]
}
= −
∑
k
ln
(
1− 2 g
2
k
Ω2k
sin2
Ωkt
2
)
. (18)
Eqs. (17) and (18) are the exact results for the decoher-
ence functions under the uncorrelated initial conditions
in the pure dephasing models. Unlike the boson-bath
model, the decoherence function for the spin-bath model
is independent of temperature and can lead to complete
dephasing when 1 − 2(g2k/Ω2k) sin2(Ωkt/2) = 0 at certain
time if one of the coupling strength gk ≥ ωk. This is
quite different from Eq. (17) in the boson-bath model,
which does not have complete dephasing even if all the
couplings satisfy gk ≥ ωk. If the size of bath is small, the
coherence can revive to a large amount at certain time.
Moreover, due to the renormalized spin-bath mode fre-
quency Ωk > ωk, it induces faster dynamics than boson-
bath at zero temperature despite the same bath coupling
spetrum.
In the short time case t → 0, we see that both Eqs.
(17) and (18) perform the quadratic behavior, namely
Γ(t) ∝ t2. On the other hand, in the weak coupling limit
gk ≪ ωk and Ωk ≈ ωk, we can see Eq. (18) approaches
to (17) at zero temperature since − ln(1 − x) ≈ x for
x ≪ 1. It is known that for the boson-bath model the
non-Markovian master equation up to the second order
perturbation can give the exact result for the decoher-
ence function even in the strong coupling limit because
the expansion of the evolution unitary operator can be
truncated at the second term, which is not legitimate for
the spin-bath model. The quantum master equation in
the second-order approximation is [1, 15]
d̺S(t)
dt
= −
∫ t
0
ds TrB[H(t), [H(s), ̺S(t)⊗ ̺B]]. (19)
For the pure dephasing model, it leads to
d̺+−S (t)
dt
= −
∫ t
0
dsK(t, s)̺+−S (t), (20)
where the kernel for the boson bath is given by
K(t, s) =
∑
k
g2k cos[ωk(t− s)] coth
βωk
2
. (21)
The solution of Eq. (20) gives the decoherence function
ΓMEa (t) of the form (17), which is valid as long as the
second order analysis is legitimate, i.e. gk/ωk ≤ 1. On
the other hand, in the spin-bath model the kernel is
K(t, s) =
∑
k
g2k cos[ωk(t− s)]. (22)
The solution of Eq. (20) is then
ΓMEσ (t) =
∑
k
g2k
ω2k
(1− cosωkt), (23)
which is also independent of temperature and approaches
to (18) only when gk/ωk ≪ 1. Therefore, the condition
of the validity of the second order master equation for
4the spin-bath is more stringent than that of the boson-
bath. We also note that coherence dynamics described
by Eqs. (17) and (18) in both models are non-divisible
and non-Markovian according to definition in [16].
Next, we analyze the effect of the dynamical decou-
pling pulses along x direction at intervals τ under the un-
correlated initial condition [12, 13]. The simplest bang-
bang pulses that can significantly reduce the dephasing
rate is realized by frequent π pulses along x direction ap-
plied on the qubit. That is after such a pulse, the qubit
states change as |±〉 → |∓〉 in the Schro¨dinger picture. In
the presence of the decoupling pulses, at time t = 2Nτ ,
the evolution unitary operator becomes
U(t, 0) = U+|+〉〈+|+ U−|−〉〈−|, (24)
where
U± = e±iω0t/2U∓(t, t− τ) · · ·U∓(2τ, τ)U±(τ, 0), (25)
and the phase factors e±iω0t/2 appear due to the state
transformation from the Scho¨dinger picture to the inter-
action picture. Substituting Eqs. (8) into (24) and ne-
glecting state-independent global phase factors that are
irrelevant to the density matrix, we can treat the factors
in Eq. (24) as commuting operators and get
U± = e±iω0t/2 exp
{
±1
2
∑
k
[ηk(τ)a
†
k − η∗k(τ)ak]
}
, (26)
where
ηk(τ) = ξk(τ)(1 − eiωkτ )
N∑
n=1
e2i(n−1)ωkτ . (27)
Repeat the steps to derive Eq. (17), we have
ρ+−S (t) = e
−Γpi
a
(t)ρ+−S (0), (28)
Γpia(t) =
∑
k
g2k coth
βωk
2
tan2
ωkτ
2
1− cosωkt
ω2k
.
In the spin-bath model, the evolution under periodic
π pulses is given by the unitary
U(t) = (U−U+)
N |+〉〈+|+ (U+U−)N |−〉〈−|. (29)
Hence it is sufficient to find a closed form for the matrix
(U−U+)
N . Since
(U−U+)
N =
∏
k
[U−k U
+
k ]
N (30)
and
U−k U
+
k = xkI − i
[
ykσ
z
k +
√
1− x2k − y2k σyk
]
, (31)
xk = 1− 2ω
2
k
Ω2k
sin2
Ωkτ
2
, yk =
ωk
Ωk
sinΩkτ,
the expression of [U−k U
+
k ]
N can be evaluated by writing
U−k U
+
k in terms of its eigenvectors. That is if
U−k U
+
k = λ
+
k |v+k 〉〈v+k |+ λ−k |v−k 〉〈v−k |, (32)
we have
(U−k U
+
k )
N = (λ+k )
N |v+k 〉〈v+k |+ (λ−k )N |v−k 〉〈v−k | (33)
where the corresponding eigenvalues and eigenvectors are
given by
λ±k = xk ± i
√
1− x2k
|v±k 〉 =
1√
1 + α2±
[|+〉k − iα±|−〉k],
α± =
yk ±
√
1− x2k√
1− x2k − y2k
. (34)
The eigenvalues of U+k U
−
k are the same as U
−
k U
+
k , and the
corresponding eigenvectors are given by the replacements
α± → −α±. The final result we obtained is
ρ+−S (t) = e
−Γpi
σ
(t)ρ+−S (0), (35)
Γpiσ(t) = −
∑
k
ln
(
1− 8F 2k
)
,
Fk =
(
sinNφk
sinφk
)
gkωk
Ω2k
sin2
Ωkτ
2
,
where φk = cos
−1 xk. Under the periodic pulse control,
the expression for Γpiσ(t) is still temperature-independent
and approaches to Γpia(t) in (28) at zero temperature as in
the weak coupling limit gk/ωk ≪ 1 and φk ≈ ωkτ , which
can also be obtained from the second order analysis.
IV. DEPHASING WITH INITIAL
CORRELATIONS
One natural way to implement the initial correla-
tion between the qubit and bath is to use the positive
operator-value measurement (POVM) [1] Em acting only
on the qubit, where the whole system is in the thermal
equilibrium state ρ = e−βH/Tr[e−βH ], then after the ac-
tion of POVM, the whole system becomes to be
ρ(0) =
1
Z
∑
m
Eme
−βHE†m, (36)
where the factor Z is the normalization of ρ(0),
Z =
∑
±
u±TrB[e
−βH± ], (37)
H± = ±ω0
2
+
∑
k
ωka
†
kak ±
1
2
∑
k
gk(a
†
k + ak),
5where the notation u± ≡
∑
m〈±|E†mEm|±〉, and the fact
that the total Hamiltonian is diagonal in the basis of Sz
has been used.
In such way we prepare an initial state by measure-
ment, instead of the supposed uncorrelated state Eq.
(14). In contrast tothe form of (14), the initial density
matrix (36) is expressed in terms of the total Hamilto-
nian H and takes into account the initial qubit-bath cor-
relation through the interaction term Hint of H . Con-
sequently, the bath is no longer in thermal equilibrium
initially, and its initial state becomes
ρB(0) = TrS [ρ(0)] =
1
Z
∑
m
TrS [Eme
−βHE†m]
=
1
Z
∑
±
u±e
−βH± . (38)
Eq. (38) is quite different from the thermal state ρB =
e−βHB/ZB which does not contain the interaction terms.
Even the resulting state sometimes takes the initial prod-
uct form ρS ⊗ ρB(ρS) where ρB depends on ρS , the dy-
namical map would be very different from the situation
of ρB and ρS being purely independent. For the purely
independent case, the map from ρS(0) to ρS(t) is linear,
whereas the map for the former case is nonlinear. There-
fore, in the following we will not distinguish the usual
classification of quantum and classical correlations. For
example in [17] it was shown that even the classical corre-
lation can lead to entanglement oscillation. So the prod-
uct states ρS ⊗ ρB(ρS) are also correlated in our general
sense.
Now we calculate the evolution of coherence ρ+−S (t)
with the initial correlation introduced by Eq. (36). Using
Eq. (4), we first write
̺+−S (t) = Tr[σ−̺(t)]
=
1
Z
∑
m
TrBTrS [σ−U(t)Eme−βHE†mU†(t)]
=
1
Z
∑
m,±
〈±|E†mσ−Em|±〉TrB [U †−U+e−βH± ]
=
1
Z
∑
±
w±TrB[U
†
−U+e
−βH± ], (39)
where the factor w± is w± =
∑
m〈±|E†mσ−Em|±〉. As
TrB[U
†
−U+e
−βHB ] appeared in Eq. (15), we need to find
the expression for TrB[U
†
−U+e
−βH± ]. Note the identity
1
ZB
TrB[e
−βH±eηka
†
k
−η∗
k
ak ] = TrB[ρBe
ηka
†
k
−η∗
k
ak ]
× exp
[
β
∑
k
g2k
4ωk
∓ βω0
2
± iΘ
]
, (40)
where a unitary transformation that diagnoses H± was
performed inside the trace function, and the phase is
Θ =
∑
k
gk
2iωk
(η∗k − ηk). (41)
Using Eqs. (16) and (17), we get the final result for the
coherence
ρ+−S (t) = ρ
+−
S (0)e
−Γa(t)
∑
± w±e
∓βω0/2e±iΘa(t)∑
± w±e
∓βω0/2
= ρ+−S (0)e
−Γa(t)[cosΘa(t) + iW sinΘa(t)], (42)
where the decoherence function Γa(t) has the same form
of (17). The phase function is given by
Θa(t) =
∑
k
g2k
sinωkt
ω2k
, (43)
and the weight factor is
W =
w+e
−βω0/2 − w−eβω0/2
w+e−βω0/2 + w−eβω0/2
, (44)
which take into account the memory effect of bath and
the role of initial correlation. Here the initial coherence
is given by
ρ+−S (0) =
w+e
−βω0/2 + w−e
βω0/2
u+e−βω0/2 + u−eβω0/2
. (45)
Similar results have been obtained in [10].
For the spin-bath model, we get
ρ+−S (t) = ρ
+−
S (0)e
−Γσ(t)[cosΘσ(t) + iW sinΘσ(t)]
×
∏
k
√
1 + η2k(t), (46)
where
Θσ(t) =
∑
k
tan−1 ηk(t),
ηk(t) =
g2
k
Ω2
k
tanh βΩk2 sinΩkt(
1− 2 g2k
Ω2
k
sin2 Ωkt2
) . (47)
The memory effect of bath is taken into account by the
temperature dependent function ηk(t), which also makes
the decoherence function temperature independent. For
convenience, we express Eqs. (42) and (46) in a compact
form,
ρ+−S (t) = ρ
+−
S (0)e
−Γ(t)[cosΘ(t) + iW sinΘ(t)]
×
∏
k
[
1 + η2k(t)
]s/2
, (48)
where the exponent s = 0 for the boson bath and
s = 1 for the spin bath. At T = 0 and gk → 0,
6ηk → g2k sinωkt/ω2k and Θσ → Θa. In such regime, the
spin bath would give a bit larger result than the photon
bath for coherence function due to the extra
√
1 + η2k(t).
Next, we consider the quantification of the degree of
initial correlation [5]. We note that the trace distance
of any two states ρ1 and ρ2 defined by D(ρ1, ρ2) ≡
|ρ1 − ρ2|/2 with |A| = Tr
√
A†A cannot increase above
its initial value under the completely positive map, and
the dynamical map from ρS(0) = TrB[ρ(0)] to ρS(t) =
TrB[Uρ(0)U
†] is completely positive if ρ(0) is in a prod-
uct state [3]. So a witness for initial system-bath corre-
lation is proposed in [5], namely the amount of trace dis-
tance of two states increased above its initial value. For
example, we consider the quantity D(ρS(t), ρ¯S(t)), where
ρ¯S(t) is constructed from the marginal state of ρ(0), i.e.
ρ¯S(t) ≡ TrB[Uρ¯(0)U †] with ρ¯(0) = ρS(0) ⊗ ρB(0). We
have obviously D(ρS(0), ρ¯S(0)) = 0, so it can be used as
a witness for the initial correlation as argued in [5] and
an upper bounded was also found to be D(ρ(0), ρ¯(0)) ≥
D(ρS(t), ρ¯S(t)). By direct calculations, we obtain
D(ρS(t), ρ¯S(t)) = |ρ+−S (0)(W −Wu) sinΘ|e−Γ
×
∏
k
(
1 + η2k
)s/2
, (49)
where
Wu =
u+e
−βω0/2 − u−eβω0/2
u+e−βω0/2 + u−eβω0/2
. (50)
IfW −Wu 6= 0, the trace distance can take nonzero value
as time going on, which indicates the initial correlation
between the qubit and bath.
However, the above witness does not cover the case of
the initial correlated product state ρ(0) = ρS ⊗ ρB(ρS).
To illustrate the dynamical role of such type of initial
correlation, we find that it can provide a new resource
for the entanglement oscillation and revival. Suppose
two qubits each locally interacting with an independent
bath and the initial state is prepared by the operator
Em = |Ψ〉〈Ψ|⊗IB with |Ψ〉 = (|++〉+ |−−〉)/
√
2, unlike
the case of uncorrelated initial condition, which induces
initial entanglement between the two independent baths
through the correlation of qubit-bath, and gives an ”X”
structure density matrix maintained during the evolution
[11]. The entanglement measure of the two qubits, i.e.
the Wootters concurrence, can then be obtained by [18]
C(t) = max
[
0, 2|ρ14(t)| − 2
√
ρ22(t)ρ33(t)
]
, (51)
where the standard product basis {|1〉 ≡ | + +〉, |2〉 ≡
| + −〉, |3〉 ≡ | − +〉, |4〉 ≡ | − −〉} were used and the
nonzero element ρ14(0) = 1/2. For such initial state, we
have ρ22(t) = ρ33(t) = 0, and
ρ14(t) = ρ14(0)e
−2Γ(cos 2Θ + iWe sin 2Θ)
×
∏
k
(1 + η2k)
s, (52)
where the weight factor is We = − tanhβω0 < 1. The
result for the uncorrelated initial condition is obtained by
putting Θ = ηk = 0 in the above equations. If we replace
the initial state by |Φ〉 = (|+−〉+|−+〉)/√2, the effect of
initial correlation would cancel out in the phase function,
namely Θ = 0 in the entanglement measure.
The dynamical decoupling effect of the periodic pulses
can be derived as in the previous section. The final re-
sults have the same forms of (42) and (46) with the re-
placements Γ→ Γpi, Θa → Θpia , and ηk → ηpik , where
Θpia(t) =
∑
k
g2k tan
ωkτ
2
1− cosωkt
ω2k
, (53)
ηpik (t) =
2
g2
k
Ω2
k
tanh βΩk2 tan
Ωkτ
2 sin
2Nφk(
1 +
g2
k
Ω2
k
tan2 Ωkτ2 cos 2Nφk
) . (54)
Obviously, in the limit of the pulse interval τ → 0, we
have Γpi → 0, Θpia → 0 and ηpik → 0, which means that
the decoherence are inhibited significantly. For the finite
pulse interval, the behaviors of the two models are quite
different as discussed below.
V. NUMERICAL RESULT
Because the decoherence function for the boson bath
linearly depends on the coupling strength g2k, we can treat
the bath within the classical noise description [13, 19]. By
introducing the spectral density of the boson-bath,
J(ω) =
∑
k
g2kδ(ω − ωk),
→ g2
∑
k
δ(ω − ωk) ≡ g2
∫ ∞
0
dωN(ω), (55)
where the second line holds for the all equal couplings
with the boson bath, and the number distribution of bath
mode is denoted by N(ω). Then the summation over the
bath modes in the decoherence functions can be trans-
formed into integral. For example, Eq. (17) becomes
Γa(t) =
∫
dωJ(ω) coth
βω
2
1− cosωt
ω2
→ g2
∫
dωN(ω) coth
βω
2
1− cosωt
ω2
. (56)
For the spin bath, it can not be written as an integral as
opposed to the boson bath with the chosen bath spectrum
since the mode frequency is renormalized to be Ωk =√
ω2k + g
2
k, which nonlinearly depends on g
2
k except in
the weak coupling regime [19]. In order to compare the
two models with closed forms, by inspecting Eq. (55) we
suppose the qubit is equally coupled with each mode of
the bath, i.e. gk = g for all k, but the number of each
mode is distributed according to the chosen spectrum
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FIG. 1: Time evolution of the coherence for the uncorrelated
(thin lines) and correlated (thick lines) initial conditions with
the Ohmic bath spectral density. The coherence in the weak
(strong) boson & spin bath is represented by the dot-dashed
(dashed) & dotted (solid) lines. Here the initial coherence is
rescaled to unity.
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FIG. 2: (a) The evolution of the trace distance of two states
of qubit. The dot-dashed (dashed) & dotted (solid) line is for
the weak (strong) boson & spin bath. (b) The evolution of
the concurrence of two qubits each locally interacting with an
independent bath. The concurrences with uncorrelated initial
states are marked by thin lines.
N(ω). For example, Eq. (18) can thus be written as
Γσ(t) = −
∫
dωN(ω) ln
(
1− 2 g
2
Ω2
sin2
Ωt
2
)
, (57)
where the renormalized frequency is Ω =
√
ω2 + g2. It
needs to point out that the above recipe only works well
at the beginning of the evolution for the spin bath model
due to the possible zeroes of the argument such as in Eq.
(57). It can give large coherence revival at large time
even with a huge size bath which is just an artifact of
our particular assumption. This difficulty can be avoid
by randomly choosing coupling constants gk, which can
give almost complete decoherence as the size of spin bath
increases [20]. Hence we only concern the beginning evo-
lution of coherence function in order to avoid the possible
divergence problems for spin bath in the following.
For the numerical analysis, we choose the operator Em
to be
Em = I +
1
2
(σx + σz), (58)
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FIG. 3: Time evolution of the coherence in the strong baths
for the uncorrelated and correlated initial conditions under
the bang-bang control pulses. (a) The dependence of the co-
herence at time t = 2 in the strong baths on the pulses applied
at a rate τ = 1/N . (b) Time evolution of the relative change
of the coherence δ = |ρ+−S,pi/ρ
+−
S | under pulse control applied
at a rate τ = 0.15 with respect to its free evolution in the
weak baths.
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FIG. 4: The crossover of the qubit coherence from the sup-
pression to the enhancement under the bang-bang control
pulses is plotted as a function of the pulse interval (τ ) versus
the pulse number (N). The solid (dot-dashed) line is for the
weak boson bath with(out) initial correlation. The dashed
(dotted) line is for the weak spin bath with(out) initial corre-
lation, where the dotted line also represents the crossover in
the zero temperature bath. For the strong bath, the crossover
merges into the case of the weak bath without initial correla-
tion.
and the constants u± and w± are thus given by
u± =
3
2
± 1, w± = 1
2
± 1
4
. (59)
Suppose the coupling constant g = 0.02, the tempera-
ture β = 2, and the energy ω0 = 0.1 [21]. We also set the
number distribution of bath mode be the Ohmic spec-
trum with a high frequency cut-off, N(ω) = λN0ωe
−ω/Λ
with the cut-off Λ = 5 and N0 = 2.5 × 103, where the
weak & strong bath corresponds to λ = 1 & 10.
In Fig. 1 we show the free evolution of the coherence
in the bath with and without initial correlation. It can
be seen that the initial correlation can lead to damped
coherence oscillation for the strong bath, and reduce the
coherence to some extent for the weak bath. We also
8see that for the short time, the boson bath dephases the
qubit to more degree than the spin bath with the same
initial condition.
The evolution of the trace distance D(ρS(t), ρ¯S(t)) is
plotted in Fig. 2 (a), which can take nonzero value at
t > 0 witnessing the initial quantum correlation. Fig. 2
(b) shows that the entanglement measure, i.e. concur-
rence C, can revive to a large amount in contrast to the
uncorrelated initial condition for the strong bath, which
only appears as the two qubits are coupled to a com-
mon strong bath without initial correlation [22]. It can
be seen that both quantities can perform damped os-
cillations for the strong baths. The reason for the en-
tanglement oscillation with initial correlation is that the
preparation scheme on the two qubits induces some en-
tanglement between the two independent baths at the
beginning, which can return into qubits at later time via
the non-Markovianity of the evolution [11]. Fig. 2 (b)
also shows that the entanglement without initial correla-
tion always larger than the envelop of the entanglement
with initial correlation.
Fig. 3 (a) shows the dependence of the coherence at
time t = 2 in the strong baths on the pulses applied
at a rate τ = 1/N , from which we see that the ini-
tial correlation always reduces the efficiency of the con-
trol pulses relative to the uncorrelated case. Fig. 3 (b)
shows the evolution of the relative change of the coher-
ence δ = |ρ+−S,pi/ρ+−S | under pulse control applied at a rate
τ = 0.15 with respect to its free evolution in the weak
baths. It indicates that the π pulse control suppresses
the decoherence for the boson bath, while the same con-
trol can only suppress the decoherence for the spin bath
in the short time duration, and then crossovers to the
enhancement of the decoherence as time becomes longer.
Moreover, the decoherence is more strongly suppressed
in the boson bath than in the spin bath.
In Fig. 4, we plot the crossover of the qubit coherence
from the suppression to the enhancement under the bang-
bang control pulses as a function of the pulse interval (τ)
versus the pulse number (N). It is shown that the initial
correlation affects the crossover of decoherence to some
extent only at the beginning of evolution, and induces
relatively more changes for the boson (weak) bath than
for the spin (strong) bath. The underlying reason is that
the bath’s memory of the initial correlation would be
lost as time being longer. On the other hand, the higher
temperature for the boson bath, the more efficient for the
control pulses to make the crossover occur. As shown in
Fig. 4, the crossovers for the correlated and uncorrelated
initial conditions in the limit of t → ∞ are essentially
coincident with each other. Asymptotically for the boson
bath, note that
Γa(t)
t
= 2g2
∫ ∞
0
dωN(ω) coth
βω
2
sin2 ωt2
ω2t
→ π
2
κβ(0) when t→∞, (60)
and
Γpia(t)
t
= 2g2
∫ ∞
0
dωN(ω) coth
βω
2
tan2
ωτ
2
sin2 ωt2
ω2t
→ 4
π
κβ
(π
τ
)
when t→∞ and τ → 0, (61)
where κβ(ω) ≡ g2N(ω) coth(βω/2) and the following
identities have been used [21],
lim
t→∞
t
sin2 ωt2(
ωt
2
)2 = 2πδ(ω),
lim
t→∞
t
sin2 ωt2(
ωt
2
)2 tan2 ωτ2 = 8π
∞∑
n=0
1
(2n+ 1)2
×
[
δ
(
ω +
π
τ
(2n+ 1)
)
+ δ
(
ω − π
τ
(2n+ 1)
)]
.
Here the pulse interval τ is fixed and t = 2Nτ while the
pulse number N → ∞. The crossover at distant time
between the two regimes takes place at τ = τ∗ where τ∗
is determined by the equation,
4
π
κβ
( π
τ∗
)
=
π
2
κβ(0), (62)
the solution of which is given by τ∗ = 0 at zero temper-
ature and τ∗ ≈ 0.289 at β = 2 same as the numerical re-
sults shown in Fig. 4. For the spin bath, the crossover un-
der control shows the temperature insensitivity instead.
VI. CONCLUSION
We addressed the effects of initial correlation on the
dynamics of open system in the pure dephasing models
with the boson and spin baths. We found that the ini-
tial correlation can reveal the memory of bath during the
time evolution. The decoherence of a qubit coupled to a
boson bath is more enhanced with respect to a spin bath
in the short time. We also demonstrated that the trace
distance between two states of qubit can increase above
its initial value witnessing the initial non-classical corre-
lation between the qubit and bath, and that the entan-
glement of two qubits, locally interacting with an inde-
pendent bath, can damply oscillate and revive to a large
amount compared to the uncorrelated initial condition.
We finally showed that the initial correlation affects the
crossover of decoherence from the dynamical enhance-
ment to suppression under the bang-bang control pulses
to some extent only at the beginning of evolution, and
induces more changes for the boson (weak) bath than for
the spin (strong) bath. On the other hand, the higher
temperature for the boson bath, the more efficient for
the control pulses to make the crossover occur. For the
spin bath, the crossover under control shows the temper-
ature insensitivity instead.
9Acknowledgments
The authors would like to acknowledge support from
NSFC grand No. 11147137.
[1] H.-P. Breuer and F. Petruccione, Open Quantum Systems
(Oxford University Press, Oxford, 2002).
[2] B.L. Hu, J.P. Paz, and Y. Zhang, Phys. Rev. D. 45, 2843
(1992).
[3] P. Pechukas, Phys. Rev. Lett. 73,1060(1994); ibid., 75,
3021(1995).
[4] R. Lo Franco et al., Int. J. Mod. Phys. B 27, 1245053
(2013).
[5] E.-M. Laine, J. Piilo, and H.-P. Breuer, Europhys. Lett.
92, 60010 (2010).
[6] J. Dajka and J. Luczka, Phys. Rev. A. 82, 012341 (2010);
J. Dajka, J. Luczka, and P. Hanggi, Phys. Rev. A. 84,
032120 (2011); J. Dajka et al., Rep. Math. Phys. 70, 193
(2012).
[7] C. Uchiyama and M. Aihara, Phys. Rev. A 82, 044104
(2010).
[8] D.Z. Rossatto et al., Phys. Rev. A 84, 042113 (2011).
[9] G.M. Palma, K.-A. Suominen, and A.K. Ekert, Proc.
R. Soc. London, Ser. A 452, 567 (1996); J.H. Reina, L.
Quiroga, and N.F. Johnson, Phys. Rev. A 65, 032326
(2002); P. Haikka et al., Phys. Rev. A 87, 010103(R)
(2013); B. Aaronson et al., arXiv: 1304.1163; L. Mazzola,
J. Piilo, and S. Maniscalco, Phys. Rev. Lett. 104, 200401
(2010); P. Haikka et al., Phys. Rev. A 85, 060101 (2012).
[10] V.G. Morozov, S. Mathey, and G. Ro¨pke, Phys. Rev. A
85, 022101 (2012).
[11] B. Bellomo, R. Lo Franco, and G. Compagno, Phys. Rev.
Lett. 99, 160502 (2007); R. Lo Franco et al., Phys. Scr.
T 147, 014019 (2012).
[12] L. Viola and S. Lloyd, Phys. Rev. A 58, 2733 (1998).
[13] D.D. Bhaktavatsala Rao and G. Kurizki Phys. Rev. A
83, 032105 (2011).
[14] J. Luczka, Physica A 167, 919 (1990); W.G. Unruh, Phys.
Rev. A. 51, 992 (1995).
[15] G. Gordon, N. Erez, and G. Kurizki, J. Phys. B 40, S75
(2007).
[16] F. Benatti, R. Floreanini, and S. Olivares, Phys. Lett. A
376, 2951-2954 (2012).
[17] R. Lo Franco et al., Phys. Rev. A 85, 032318 (2012)
[18] R. Horodecki et al., Rev. Mod. Phys. 81, 865 (2009).
[19] M. Schlosshauer, A.P. Hines, and G.J. Milburn, Phys.
Rev. A 77, 022111 (2008).
[20] W.G. Unruh, Phys. Rev. D. 26, 1862 (1982).
[21] P. Facchi et al., Phys. Rev. A. 71, 022302 (2005).
[22] S.Maniscalco et al., Phys. Rev. Lett. 100, 090503 (2008).
